The failure criteria and the constitutive relation of materials for an early-age concrete are the most common reasons to conduct the nonlinear analysis and to assess the concrete structures during the construction stage. The delay of theoretical advancement in this field resulted into a mismatch between the rough theories and the advanced algorithms, which were adopted for the estimation and analysis of early-age concrete structures. It is often impossible to find an appropriate way to determine the failure criteria and its constitutive relation that may serve as a baseline. As a consequence, the development and the application of advanced techniques of construction, for example, early dismantling construction technique of formwork, have severely been restrained. Therefore, the study of the failure criteria and its constitutive relation of concrete materials at early-age are important. In this paper, the cubic compressive strength, the prismatic compressive strength, and the axial tensile strength are determined by carrying out a strength test on C20 concrete material at an early-age. Next, the failure criteria of C20 early-age concrete material in the octahedral stress space have been studied and analyzed by using the regression analysis and by deriving the mathematical relation.
Introduction
Background of the Project. The cost of formwork for in situ concrete structures in China accounts for approximately 20%∼30% of the project cost. How to reduce this cost component in civil works is a key challenge to date. This reduction can lead to completing a project in lower cost. The early dismantling formwork from floor can effectively accelerate the formwork recycling and reduce the construction cost, which is among the "ten new techniques in the building industry" energetically promoted by the Ministry of Housing and Urban-Rural Development of the People's Republic of China. This new technique is extensively being evaluated in China.
In accordance with China's Concrete Construction Quality Acceptance Code for Acceptance of Concrete Structure Quality (GB50204-2002), the criteria for the removal of formwork from concrete floor have been shown in Table 1 .
The following inferences can be drawn from the code: (1) in case the formwork span is ≤ 2 m, the underside formwork can be removed when the concrete strength has reached up to 50% of the standard value of the designed cubic compressive strength of the concrete; (2) in case the formwork spans are 2 m < ≤ 8m and > 8m, the underside formwork can be removed when the concrete strength has, respectively, reached up to 75% and 100% of the standard value of the designed cubic compressive strength of the concrete.
During the construction process while keeping in view the above code, large-span floors can be divided into more than one temporary and supporting spans to turn them into floors each having span less than 2 m. This provision allows us to remove the underside formwork, when the concrete strength has reached up to 50% of the standard value of the designed cubic compressive strength of the concrete. To conclude, the cost of formwork can be saved in engineering projects by simply using new techniques in which the span of structural member is reduced. Beam, arch, and shell ≤8 ≥75 >8 ≥100 Cantilever member -≥100 the formwork partially and retain part of the formwork supports; the second time step is to dismantle the rest of the formwork when the floor structure has met the requirements on complete dismantling. The comparison of the vertical formwork supporting system has been shown in Figure 1 . Under the given situation that there are no uniform standards and acceptable specifications for the early dismantling formwork construction technique of the formworks in China, Beijing Construction Engineering Group, Tianjin University, and many other scientific research institutions have started the work to compile the technical code for the early dismantling construction of formworks. This code is meant to provide regulations, criteria, and guidance regarding the design, construction, organizational management, early dismantling formwork, and so on.
Advances in Materials Science and Engineering
The research group, supervised by Professor Hongyan Ding from Tianjin University, undertook the structural analysis and experimental studies of the aforementioned code [1] . To provide a theoretical base for this project, a series of experimental studies have been conducted for the failure criteria and for determining the constitutive relation of the early-age concrete materials under biaxial stress.
Introduction of the Related Theories.
A major problem of the early dismantling formwork is lack of related failure criteria and assessment methods of the concrete at an earlyage, so the successful implementation of the work has been delayed. The failure criteria and the constitutive relation of materials may provide the mathematical relation to describe the material characteristics [2, 3] . However, there are no uniform rules of the failure criteria and the constitutive relation for ordinary concrete materials, which have been researched for decades [2, 3] . Thus, on the basis of study of the strength and deformation tests, the failure criteria and the constitutive relation of concrete materials constitute the basics theoretical development of both the nonlinear analysis of concrete structures and the development of structural design. The failure criteria of an early-age concrete lay the theoretical foundation of the construction technique of the early dismantling formwork [1, 4, 5] . Since there was not enough work carried out in this field, there is still a mismatch between the rough models and the advanced algorithms, as these have been adopted for the analysis of early-age concrete structures. It is often impossible to find the appropriate criteria of failure and the constitutive relation, which may serve as a baseline. Thus, studying the failure criteria and the constitutive relation of early-age concrete materials are important from practical and theoretical points of view.
Until now, many researchers have proposed the hundreds of criteria for the concrete failure [6] [7] [8] , of which the classical theories of strength and their blueprint were derived on the basis of the geometrical shape of the surface of envelope, whereas other theories are purely based on mathematical models. The original equations of the aforementioned failure criteria have been adopted at different levels of stresses; their mathematical patterns and the levels of difficulty differ from Advances in Materials Science and Engineering 3 each other. As a consequence, they contained significant differences from each other in terms of the applicable scope and the assessment accuracy. In the existing literature [8] , the theoretical values for the various common criteria of failure were assessed; the domestic and the foreign multiaxial strength data were analyzed and compared; and each criteria of failure was evaluated, which may be adopted as a reference in further applications [9] . The space-based failure criteria of concrete at the multiaxial stress state can be classified into the following categories: (1) the theoretical models with one parameter, that is, the maximum tensile stress theory as it has been proposed by Rankine and the shear stress theory as it has been proposed by Tresca and Misis; (2) the theoretical models with two parameters, that is, the theories proposed by MohrCoulomb and Drucker-Prager, which fall within the scope of theories describing early failure criteria [2, 6] and play an important role in promoting and developing the theories of concrete strength, notwithstanding differing significantly from the complex actual failure envelope surface of concrete; some of which are still being extensively applied today by virtue of the simplicity of their expression and the convenience of hand calculation; and (3) the theoretical models with multiple parameters, as these have been developed by developing the test techniques as well as analytical theories and by compiling the criteria of concrete failure in the recent time, that is, the three-parameter theoretical model, as it has been proposed by Boris and Pister [10] and William and Warnke [11] , the four-parameter theoretical model, as it has been proposed by Ottosen [12] and Hsieh et al. [13, 14] , and the five-parameter theoretical model, as it has been proposed by Tsinghua University [6] , Podgórski [15] , and Dalian University of Technology [16] . Of which, the research development of Tsinghua University has been incorporated into the code for design of concrete structures (GB50010-2002) [17] . Currently, there are many theories that are being developed, for example, the twin theory of shear strength [18] , the theory of crack friction [19] , the theory of fracture mechanics [20, 21] , and the theory of fractal geometry [22] . The space-based failure criteria of strain is classified into the following two types: (1) those which are transformed from the space-based failure criteria of stress, for example, the theoretical model as it has been proposed by Romstad et al. [23] ; and (2) those which are directly established on the basis of test materials, for example, the theoretical models featured by linear and nonlinear relations between the principal strain and the shear strain [21] . It is relatively difficult to obtain the accurate strain data for the multiaxial test of concrete. It is pertinent to mention that the strain data have extremely high discreteness; and these are available for a very few reliable theoretical models of space-based failure criteria of strain. Thus, research of space-based failure criteria of strain is still at a preliminary stage, which cannot be used for practical purposes.
On the basis of a study of the failure criteria of an ordinary concrete, researchers have carried out the tests of biaxial strength and deformation characteristics of the steel-fiber reinforced concrete [24] , the flexible concrete [25, 26] , the reactive powder concrete [27, 28] , the lightweight aggregate concrete [29, 30] , and the concrete of aggregate gradation [31] . The associated biaxial criteria of failure were established at the same time, when the rules of their strength were analyzed. Many researchers carried out the tests of biaxial compression-compression and the biaxial tensioncompression on an ordinary concrete [32] , an air-entrained concrete [33] , and a lightweight aggregate concrete [34] during the freezing and the thawing cycles and the spacebased failure criteria of strain. The above types of concrete materials were established after taking into account the differences in the number of freezing and thawing cycles and the compression-compression and tension-compression stress ratios.
In this paper, the concrete with a designed strength grade of C20 was mainly selected to perform the experimental study to determine the failure criteria of an early-age concrete. "C20 concrete material at an early-age" was adopted to represent "concrete material at an early-age with a designed strength grade of C20."
Description of Tests
In this paper, an experimental study has been performed to study the strength and the deformation characteristics of C20 concrete samples at an early-age for four special states of stresses, which can be assumed as accurate and easy to realize, that is, the uniaxial compression, the uniaxial tension, the biaxial compression, and the uniaxial compression-tension (refer to Table 2 ).
The concrete composition, as employed in this paper, was designed with reference to the New Query Manual of Concrete Strength Design and Composition [35] (refer to Table 3 ).
According to the specifications, all test samples were required to be cured. In the curing room, the temperature was maintained between 8 and 15 ∘ C; the humidity was maintained between 30 and 50%. The test samples were not allowed to be stacked up; they were required to be spread out flatly at the floor by keeping a clear spacing of approximately 20 mm. The seven different age-groups were set for testing, that is, one day, two days, three days, four days, five days, six days, and seven days. During the test, the delay in the process of curing was not allowed to exceed beyond 30 min.
Test Results
On the basis of the tests, as these have been provided in Table 1 , the results of C20 concrete at an early-age of standard curing were measured (refer to Table 4 ).
Derivation for the Failure Criteria of
Concrete at an Early-Age 4.1. Failure Criteria. The conditions of failure criteria can be described as the material under investigation has reached either to the state of failure or to the state of ultimate strength during the loading process; that is, the failure criteria of the material may provide the mathematical relation describing the surface of failure envelope in a stress space, as it has The failure envelope for the surface of concrete [9] .
been shown in Figure 2 . The failure criteria of an ordinary concrete can generally be established in accordance with the octahedral stress space. This paper introduces the octahedral stress space to establishing the criteria of failure and yield for C20 concrete at an early-age. On the basis of delineating the multiaxial strength data ( 1 , 2 , 3 ) of concrete, as it has been obtained during the test in space (i.e., the coordinates of principal stress ( 1 , 2 , 3 ) ) and by connecting the various adjacent points of test in a smooth surface, the test-based surface of failure envelope of concrete can thus be obtained, as it has been shown in Figure 1 . It can also be expressed by using the cylindrical coordinates ( oct , oct , ) in accordance with the following relations of conversion:
The criteria of failure can mathematically be expressed by following the coordinates ( oct , oct , ) of the octahedral stress space as
where is the failure function, the specific mathematical expression, which can be obtained from the surface of failure envelope, as it has been established in accordance with the strength data at the complex stress state. On the basis of elastic-plastic mechanics, we can assume the following relations among the [ oct , oct , ], the first stress tensor invariant 1 , the second deviator stress tensor 2 , and the third deviator stress tensor 2 :
where ∈ [0, /3]. By substituting (5)∼(7) into the failure criteria, as it has been expressed by (4), we can obtain the failure criteria by the following stress invariants 1 , 2 , and 3 :
Failure Criteria of an Early-Age Concrete.
In an octahedral stress space, the failure function ( ) is the function of the octahedral normal stress ( oct ) and the shear stress ( oct ), as it has been shown in the following equation:
The Conversion of Coordinates for Strength Values.
By assuming ( 1 ≥ 2 ≥ 3 ) in an octahedral stress space, the strength values ( 1 , 2 , 3 ) of the tests can be converted into the normal stress value ( oct ) and the shear stress value ( oct ). The conversion of coordinate for the strength can be achieved by using (1) and (2) (refer to Table 5 ).
Determining the Failure Criteria.
The results of the normal stress oct and the shear stress oct are provided in an octahedral stress space (refer to Table 4 ).
The following inferences can be drawn on the basis of research [32] : (1) the failure criteria of a lightweight aggregate concrete at the biaxial and triaxial stress states can be established, and (2) the mathematical expression of the failure criteria of C20 concrete at an early-age can be expressed in the form of a piecewise function, as it has been shown in Figure 3 . As it can be inferred from Figure 2 , the coordinate values for the various points of uniaxial compressive strength of concrete in an octahedral stress space are apparently the "inflection points," which are situated at the line for all of the strength coordinates of concrete with the same types of curing type and age. Thus, by first substituting the uniaxial compressive strength point (i.e., (0, 0, − )) of concrete into (1) and (2), the following mathematical relations can be obtained:
oct,
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The values of ( oct, / oct, ) in the oct -oct coordinate system are constant, as these have been shown in (12) . To ensure that the aforementioned failure criteria, which have been established for the concrete materials of different types of curing and ages, contain the uniform forms of definition that can easily be compared. The straight line, which passes through the origin of coordinates, can be selected, as it has a slope for the equation of ( oct, / oct, ) into the oct -oct coordinate system that can be taken as the reference line of the coordinate system. The resulting equation can mathematically be expressed as follows:
Similarly by substituting the point of uniaxial tensile strength ( , 0, 0) into (1) and (2), we obtain
oct, oct, = √ 2.
As it can be observed from (16), the all values of ( oct, / oct, ) into the oct -oct coordinate system are constant. The straight line which passes through the origin of coordinates can be selected, which has a slope for the equation of ( oct, / oct, ) into the oct -oct coordinate system as a reference line of the coordinate system; the resulting equation can mathematically be expressed as follows:
On the basis of the aforementioned two straight lines of reference and in regard to the characteristics of bifold line of the failure criteria for C20 concrete during an early-age in an octahedral stress space, the following mathematical relation of its failure criteria can be assumed:
when oct + √ 2 oct > 0, oct − √ 2 oct ≥ 0, therefore,
where 1 , 1 , 2 , and 2 are coefficients that need to be determined.
On the basis of a piecewise functional expression, as it has been assumed by (18) and (19) , the mathematical relation of the failure criteria for C20 concrete during an early-age in an octahedral stress space can be solved first by means of a mathematical derivation [7] as follows.
(1) When oct + √ 2 oct ≤ 0, we can substitute (10) and (11) into (18) and thus obtain
From (20), we can obtain
where 1 represents the slope of the equation of (20), and it can be obtained from the test points through a direct linear fitting; thereafter, it can assess the value of 1 by using (21) . Next, by substituting the values of 1 and 1 into (18) simultaneously, we can obtain the mathematical relation of the failure criteria under the condition of oct + √ 2 oct ≤ 0 as follows.
(2) When oct + √ 2 oct ≥ 0, oct − √ 2 oct ≥ 0, we can substitute (10) and (11) into (19) and, thus, obtain oct, − 2 − 2 oct, = 0.
Thereafter, by substituting (14) and (15) into (4)- (19), we get
By synthesizing (4)- (22) and (4)- (23), we can obtain
By substituting (24) into (19), the mathematical relation of the failure criteria under the condition of oct + √ 2 oct ≥ 0 and oct − √ 2 oct ≥ 0 can be obtained.
The failure criteria of C20 concrete at an early-age can thus be obtained; that is, when oct + √ 2 oct ≤ 0, therefore, ( oct , oct ) = oct − oct, + 1 ( oct, − oct ) = 0; (25) when oct + √ 2 oct > 0 and oct − √ 2 oct ≥ 0, therefore,
By substituting (10) and (11) into (25) and by substituting (10), (11) , (14) , and (15) into (25) and (26), we obtain the following:
when oct + √ 2 oct ≥ 0, oct − √ 2 oct ≥ 0, therefore, 
where 1 can be assessed through a linear fitting of test data after measuring the biaxial compressive strength of concrete, and both the uniaxial compressive strength ( ) and the uniaxial tensile strength ( ) can directly be measured during the test. By substituting (5) and (6), respectively, into (27) and (28), the mathematical relation of the failure criteria, as it has been expressed by the first stress tensor invariant ( 1 ) and the second deviator stress tensor ( 2 ), can be obtained:
when √3 2 + 1 > 0, √3 2 − 1 ≥ 0, therefore,
In this paper, the regression analysis and the mathematical derivation are combined to determine the failure criteria of C20 concrete at an early-age. A regression analysis was performed during the tests of biaxial compressive-compressive and tensile-compressive strength in an octahedral stress space. The resulting mathematical relation of the failure criteria, in the form of a piecewise function, has been established. Thereafter, a relatively accurate and measured point of uniaxial compressive characteristic strength was employed to test the already established mathematical relations of the failure criteria. If the relative error, between the measured value of the point of characteristic strength and the assessed value of the already established mathematical relation of the failure criteria at this point, would be less than 15% then the failure criteria could be adopted. On the other hand, if it was greater than 15%, then the average relation of the failure criteria and (27) and (28) would be assessed and introduced as a mathematical expression of the failure criteria.
Results of the Failure Criteria.
On the basis of the aforementioned methods and their analysis, the failure criteria have been established. The strength data of C20 concrete of various types of curing and ages were employed to establish the failure criteria corresponding to the various conditions of loading (refer to Figure 4 ).
Establishment of a Biaxial Strength Envelope Diagram
The biaxial strength envelope diagram of the early-age C20 concrete under biaxial stress has further been established. In accordance with Appendix C.3.2 of China's Code [17] for design of concrete structures, the biaxial strength envelope diagram of the ordinary concrete expressed by the principal stress has been given [6, 17] , as it has been shown in Figure 2 . The broken lines of the three quadrants, as referred to in Figure 2 , represent the biaxial tension-tension, tensioncompression, and compression-compression stress states, respectively. Refer to the formulas of the broken lines, as these have been listed in Table 6 [6].
As it can be observed from the failure criteria of the C20 early-age concrete in the octahedral stress space, the mathematical expressions of the failure criteria of the concrete at biaxial tension-tension and biaxial tension-compression stress states can be written in the form of the linear equation in terms of two unknowns; that is,
where , , , and are parameters, the values of which can be determined through the mathematical expressions of the failure criteria of the C20 early-age concrete. Therefore, in case of the biaxial tension-tension stress state (0 ≥ 2 ≥ 3 ), we have
By substituting (33) and (34) into (31), we obtain
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With regard to the biaxial tension-compression stress state
By combining (33), (37), and (38), we get
By, respectively, substituting the parameters = −0.3108, = 7.1734, = −1.2562, and = 1.0583 of the mathematical expressions of the failure criteria of C20 early-age concrete (after 7 d of standard curing) into (36) and (39), we can obtain the biaxial ultimate strength envelope diagram of concrete, as it has been shown in Figure 5 .
It can be observed from Figure 6 that since ultimate strength envelope diagram of the concrete is symmetrical about the 2 / 3 = 1 axial, it is only needed to establish its half-plane biaxial ultimate strength envelope diagram. In accordance with the aforementioned method, the biaxial ultimate strength envelope diagrams of the C20 concrete along with various curing ages have been established. Thereafter, it was compared with the biaxial ultimate strength envelope diagram recommended by the code, as shown in Figures 7-11 . The dotted lines in the figures represent the estimated results as obtained by (35) and (38), the solid lines represent the estimated results as recommended by China's national code, and the data points represent the results of biaxial ultimate strength of the concrete measured by the test of this paper.
It can be seen from Figures 7∼11 that, when the lateral pressure was relatively small, the values calculated in the test were of good consistency with the values recommended by the code; when the lateral pressure was relatively large, the values calculated in the test were larger than those recommended by the code. When the early-age C20 concrete was under the biaxial tension-compression stress state, the values estimated in the test were slightly lower than the values recommended by the code.
Conclusions
The build of the failure criterion and the biaxial ultimate strength envelope diagram of the early-age C20 concrete provide a theoretical base for the design and evaluation of the ultimate strength of the early-age C20 concrete materials at biaxial stress state during the project research of the early dismantling formwork construction.
Further, according to the biaxial ultimate strength envelope analysis method for the ordinary concrete used in the literature [6] , the biaxial ultimate strength envelope diagram of the early-age C20 concrete was studied and analyzed, and the results show the following:
(1) When the early-age C20 concrete would be at biaxial tension-tension stress state subject to 0 < 2 / 3 < 0.35, 3 could relatively be increased rapidly along with the increase of the stress ratio. In case of 0.35 < 
